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we compare the two uncertainty relations. 
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I. INTRODUCTION 

Classical mechanics is basically a geometric theory, while 
the traditional mathematical formulation of quantum me- 
chanics is functional analytic. Geometric quantum me- 
chanics seeks to unify these seemingly different approaches 
to mechanics. 

Classical and quantum mechanical systems have in com- 
mon that their phase spaces are symplectic manifolds, and 
that their observables give rise to symplectic flows |T}S1 • But 
quantum systems exhibit characteristics that have no clas- 
sical counterparts. One is the impossibility to fully predict 
results of measurements. 

In classical mechanics, observables are represented by 
real-valued functions, and the result of a measurement of 
an observable equals the value of the corresponding func- 
tion at the point in phase space that labels the system's 
state. This means that in classical mechanics, the results 
of measurements are completely predictable. The situation 
in quantum mechanics, however, is quite different. There, 
observables are represented by self-adjoint operators, and 
due to intrinsic properties of quantum systems, only expec- 
tation values and uncertainties of observables can be cal- 
culated; the actual value of an observable can, in general, 
not be known prior to measurement. Furthermore, there 
is a limit to the precision with which values of pairs of ob- 
servables can be knovm simultaneously. This is the famous 
quantum uncertainty principle. 

A quantum system prepared in a pure state can be mod- 
eled on a projective Hilbert space equipped with a dis- 
tinguished Kahler metric, called the Fubini-Study Kahler 
metric. The real and imaginary parts of this metric (suit- 
ably scaled) provide the projective Hilbert space with Rie- 
mannian and symplectic structures, respectively, and hence 
with Riemann and Poisson brackets. It has been shown, 
see, e.g., [3J, that for observables acting on a system in a 
pure state, the Robertson-Schrodinger uncertainty princi- 
ple 1 5 6 1 can be expressed entirely in terms of the Riemann 
and Poisson brackets of the observables expectation value 
functions. 
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The state of an experimentally prepared quantum sys- 
tem usually exhibits classical uncertainty; the state is mixed, 
i.e., is in an incoherent superposition of pure states. Mixed 
states are commonly represented by density operators, and 
thus the phase spaces of quantum systems in mixed states 
are made up of such. 

If a quantum system evolves according to a von Neumann 
equation, then the spectrum of the density operator rep- 
resenting the system's prepared state will be preserved. In 
this paper we equip the spaces isospectral density opera- 
tors with Riemannian and symplectic structures, and we de- 
rive a geometric uncertainty relation for observables acting 
on systems in mixed states. We also give a geometric proof 
of the Robertson-Schrodinger uncertainty relation, and we 
compare the strengths of two uncertainty relations. 



A. Notation 

Operators on Hermitian space C*^ will be represented 
by matrices with respect to the canonical basis, whose 
member we denote by ej. In particular, we write Ij; and Ojc 
for the matrices representing the identity and zero operator, 
respectively. 

We will primarily be interested in finitely mixed quan- 
tum systems that evolve unitarily. They will be modeled on 
a Hilbert space J^, and their states will be represented by 
density operators of finite rank. Recall that a density opera- 
tor is a Hermitian, nonnegative operator with unit trace. We 
write @(^) for the space of density operators on J^. 

An elementary but, in this context, crucial fact is that a 
density operator p on ^ of rank at most k can be factorized 
as p = y/y/^ for some linear map iff : C'' ^ ^ of unit norm. 
We write L(C*^, J^) for the space of linear maps from C*^ to 
^ equipped with the Hilbert-Schmidt Hermitian product, 
and G and D. for 2h times the real and imaginary parts, re- 
spectively, of this product: 

G{X,Y)^hTr{X'^Y+Y^X), (1) 
n[X,Y)^-ihTr{X^Y-Y'^X). (2) 
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II. GEOMETRIC STRUCTURES ON ORBITS OF ISOSPECTRAL 
DENSITY OPERATORS 

A density operator whose evolution is governed by a von 
Neumann equation remains in a single orbit of the left con- 
jugation action of the unitary group of =^ on @ . The 
orbits of this action are in one-to-one correspondence v^rith 
the possible spectra for density operators on J€, where by 
the spectrum of a density operator of rank k we mean the 
decreasing sequence o - (pi, P2, ■ • • . Vk) of its, not necessar- 
ily distinct, positive eigenvalues. Throughout this paper we 
fix £7, and write ® (cr) for the corresponding orbit. 

Let5^((T) = {i/zeLtC*^,,^) ri/^V^ ■P(o')}. where P(cr) is the 
diagonal ky-k matrix that has a as its diagonal, and define 

n:£fi{a)^'3){a), y/^y/rf/\ (3) 

Then n is a principal fiber bundle with right acting gauge 
group '^(cr) = {[/ e '^(fc) : UP{a] = P[a)U], whose Lie alge- 
bra is u(cr) = £ u(k] : ^P{a] = P(cr)0- Observe that if the 
elements in @((t) represent pure states, i.e., if cr = (1), then 
@((7) is the projective space over JP, and (3) is the (general- 
ized) Hopf bundle. 

A. Rlemannian and symplectic structures 

A gauge invariant Riemannian metric on S^{a) is given 
by the restriction of G in (T) to S^{a). We define the verti- 
cal and horizontal bundles over S^{a) to be the subbundles 
V^(cr) = KerTT, and H^(cr) = V^(a)-^ of the tangent bun- 
dle TS^ia). Here n^, is the differential of n and "'" denotes or- 
thogonal complement with respect to G. Vectors in V5^((t) 
and H5^(cr) are called vertical and horizontal, respectively, 
and we equip @ [a) v«th the unique metric g that makes n a 
Riemannian submersion. Thus, g is such that the restriction 
of 7Tt to each fiber of H^((t) is an isometry. 

The infinitesimal generators of the gauge group action 
yield canonical isomorphisms between u(cr) and the fibers 
in V^(cr): 

Furthermore, HS^ia) is the kernel bundle of the gauge in- 
variant mechanical connection form : TS^{a) —•■ u{a) de- 
fined by si^if/ - I^^Jy/, where I : 5^{a) x u{a) u(cr)* and 
/ : T5^{ct) — >• u(a) * are the locked inertia tensor and momen- 
tum map, respectively: 

The inertia tensor is of constant hi-invariant type since it is 
an adjoint-invariant form on u{a) which is independent of 
y/ [a] . Hence, it defines a metric ^ ■ 77 on u (cr) . Explicitly, 

i-rj^hTr[{(^r] + T]U)Pw). W 

Using (D we can derive an explicit formula for the connec- 
tion form. Indeed, if mi, mz,..., mi are the multiplicities of 



the different eigenvalues in cr, with mi being the multiplic- 
ity of the greatest eigenvalue, mz the multiplicity of the sec- 
ond greatest eigenvalue, etc., and if for j - 1, 2,..., I, 

Ej = diagCOmi , . . . , Omj_i ,lmj, Orrij+i ,...,0m,), 

then a straightforward application of (4) yields 

Y^Ejy/^XEjPia)-^ -t]^ Jy,iX)-T], Xe T^^(£t). 

J 

We conclude that 

^^(X) ^Y.Ejifr^XEjP[ar^. (5) 
J 

The form Q in (2) is a symplectic form on L(C'^,,;55f). Mont- 
gomery |7| showed that the bundles (3) are the reduced 
space submersions obtained by symplectic reduction by the 
right action of '^{k] on L(C*^, J^). Since the action is sym- 
plectic, it follows from a celebrated result by Marsden and 
Weinstein |8 Th 1] that there is a unique symplectic struc- 
ture (i) on @((t) such that n*(i) equals the restriction of Q to 

For each observable A on define the expectation value 
function A and associated Hamiltonian vector field Xa on 
@(o-) by 

A{p)^Tr{Ap), dA^ix^u). 

Also, let X^ be the gauge invariant vector field on S^ia) de- 
fined by 

Then (jt^ (x^^) w = dA, which means that X^ projects onto Xa- 
An observable A is parallel at a density operator p if X^ 
is horizontal at some, hence every, element in the fiber over 
p. We will show that the uncertainty of a parallel observable 
is proportional to the norm of the Hamiltonian vector field 
associated with the observable's expectation value function. 

The locked inertia tensor provides a means to measure 
deviation from parallelism: Given an observable A we de- 
fine a u((t) -valued field ^ a on 3i{a] hy n* ( a - °^A- Then 
f A • f 71 equals the square of the norm of the vertical part of 
X^. It is an interesting fact that ^a contains complete infor- 
mation about the expectation values of A, see 1(8) below. 

III. GEOMETRIC UNCERTAINTY ESTIMATES 

The precision to which the value of an observable A can 
be known is quantified by its uncertainty, 

AA[p) = y^Tr(i2p)-Tr(ip)2, 

and the precision to which the values of two observables 
A and B can be known simultaneously is limited by the 
Robertson-Schrodinger uncertainty relation |5]j6J: 

AAAB > \J([A,B)-AB)'^ + [A,B]'^. (7) 
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Here {A, B) and [A, B] are the expectation value functions of 
the symmetric and antisymmetric products of A and B: 



where and are the projections of f a and ^b, respec- 
tively, on the orthogonal complement of j. In particular, 



iA,B]. 



1 , . , . 
-{AB + BA], 



[A,B]. 
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-{AB-BA). 



In this section we derive a lower bound for Ay4AB that in- 
volves only the Riemannian and symplectic products of the 
Hamiltonian vector fields of A and B. Thus, we derive a geo- 
metric uncertainty relation for observables of quantum sys- 
tems in mixed states. Also, we compare it with 0. 



AAipf = {A, A)-AA^^ {A, A]g{p) . 



(11) 



Let X i^ and X \ be the horizontal components of and 
X^. Cauchy- Schwartz inequality yields 



GfxlU"]Gfxll,xll]>GfxlU"]^ 

\ A Al \ B bI [ A bI 



[ a' b) 



Equivalently, 



{A,A}AB,B]. 



{A,B]l + {A,B]i. 



(12) 



A. A geometric uncertainty relation 



This estimate together with (TT) imply the geometric uncer- 
tainty relation: 



Let A and B be two observables, and x be the unit vec- 
tor Ifc/ iV2h in u(cr). The expectation value functions of A 
and B are proportional to the lengths of the projections of 

and ^B, respectively, on j: 



h 



A^\l\x-^A, B^J^x-^B- 



Furthermore, 



(8) 



[A,B)^-[{A,B]g + U-^B), \A,B]^-{A,B]^, (9) 



AAAB^-J{A,B}l + {A,B}l. 



(13) 



The uncertainty relation (13) agrees with the geometric 
uncertainty relation derived in |3I for systems in pure 
states. This is not a coincidence since the pure state case 
correspond to cr = (1). (This does not mean that i fTs) is 
independent of o because g and w are "spectral weighted".) 
For systems in pure states, (13) is a geometric version of (7). 
But for general mixed states the two uncertainty relations 
are not equivalent, which we make explicit in the next 
paragraph. 

B. Comparison of tiie uncertainty relations 



where {A,B}g - g[XA,XB) and {A,B}u - oj{Xa,Xb) are the 
Riemann and Poisson brackets of A and B. Consequently, 



n 



(A,B)- AB^ -[{A,B}g + ^\-^'^], 



(10) 



Using the geometric expressions (8) and (5) for the ex- 
pectation value functions of A and B, and their symmetric 
and antisymmetric products, we can give a short geomet- 
ric proof of the Robertson-Schrodinger uncertainty relation 
(7). Equations l|8), (9) and (lO) yield 



= - [{A, A},{B, B], + {A, ^ ■ + {B, B},^\ ■ ^\ + [^^ ■ f ^) ^ ■ ) , 
{{A, B) - ABf + [A, Bf^^[{A, Bfg + {A, B}1 + 2{A, B}g^\ ■ ^ + (^^ ■ ) . 



Now follows from (12), (M), (15), and 

{A, A}g^i ■ f ^ + {B, B]g^\ ■ > 2{A, B}g^\ ■ 

[eA-m'B-^i)^[^\-^if- 

If 2{A, B}g£,\ ■ <^ + ■ ^^f = 0, then, according to (15), 
the relation (13) is a geometric equivalent of (7). This is, e.g., 
the case if ^4 or B is parallel, or if the density operators in 
@(cr) represent pure states, in which case the vertical bun- 
dle has 1 -dimensional fibers. In general, however, the two 



(14) 
(15) 

I 

relations are not equivalent. Equation (Ts) tells us that the 
right hand side of (13) interpolates between the two sides 
of (7) if 2{A, B}g^\ ■ + ■ ^^f < 0, and that the right 
hand side of (7) interpolates between the two sides of (T3) 
if2{AB}gfi-^i + (^i-^^f >0. 



4 



IV. EXAMPLE: AN ENSEMBLE OF SPINS 

Let S - {Sx,Sy,Sz) be the spin operator, and write 
for the state which is certain to have spin 5 and magnetic 
quantum number /i. Recall that |s,/i> is the common eigen- 
state of and Sz such that S^|s,/iz> = H^sis+ 1)| s,/i> and 
Szl-s,/i> - h^\s,n). Also recall that 

Sx^^{S+ + S-), Sy^^.{S+-S-), (16) 

where the raising and lowering operators S+ and S- are de- 
fined by 

S+\S,^) = hy/s(S+ 1) - ^{^+1]\S,H+1). (17) 

Consider an ensemble of spin-5 particles, so prepared 
that the proportion of particles having quantum number j^j 
is pj, j - l,2,...k. The spin part of the ensemble's wave 
function can be represented by the density operator p - 
Y.j pj\s,^j)(s,^j\, and we assume that we are in the generic 
nondegenerate situation pi> P2> •••> Pk- 

The map i// - Y-j \/Pj\^< sits in the fiber over p, and 
(61,(16), and (Tt) yield 

^S, W = ^ E («j I ^' + 1> + 1 5. - 1>) 4 

^s/V) = - ^ L («i I ^' A^; + 1> - «7 1 - 1>) ej . 

i 

where - ^s(s+ 1) - pjij^j ± 1). These vectors are hori- 
zontal because the spectrum of p is nondegenerate and the 
matrices yr^Xg^ly/) and y/^Xg^{yr] have only zeros on their 

diagonals. (Hence replacing y/^X in (5) with y/^X^^iy/) or 
y^X^^ iy/) will make the right hand side of (5) vanish.) Now, 

{SjcSylgip) = 2hmi{X§^[y/)^X§^iy/)) = 0, 
{Sjc,Sy\a>[p) ^2HQTi[X§^W^ X^^iy/)) ^hY^pjp,j. 



Consequently, 



ASAp)^Sy[p)>—\Y,pJPJ\. (18) 



Not surprisingly, one identifies the right hand side of (18) as 
h/2 times the modulus of Szip)- 



V. CONCLUSION 

In this paper we have equipped the orbits of isospectral 
density operators, i.e., the phase spaces of unitarily evolv- 
ing quantum systems in mixed states, with Riemannian and 
symplectic structures, and we have derived a geometric un- 
certainty principle for observables acting on quantum sys- 
tems in mixed states. Also, we have compared this uncer- 
tainty relation with the Robertson-Schrodinger uncertainty 
relation. 

The fact that the phase spaces for unitarily evolving quan- 
tum systems in mixed states admits Riemannian and sym- 
plectic structures g and co, and, as we wiU show in a forth- 
coming paper, an almost complex structure / that makes 
(&),/, g) a compatible triple (9), opens up for an elegant ge- 
ometric formulation of quantum mechanics for systems in 
mixed states. The authors will delve deeper into this issue 
in a series of forthcoming papers. 
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